Abstract-This brief is concerned with the two-dimensional (2-D) digital notch filter design problem. First, the outer product expansion is used to reduce the 2-D notch filter design problem to two pairs of one-dimensional (1-D) filter design problems. Then, we develop a simple algebraic method for the design of two pairs of 1-D IIR filter design. This approach not only has closed form transfer function but also satisfies bounded input/output (BIBO) stability condition. Finally, one example is included to illustrate the proposed design method, and the 2-D IIR notch filter is applied to eliminate the sinusoidal interference superimposed on an image. Index Terms-2-D IIR notch filter, interference removal.
I. INTRODUCTION
Notch filters have been an effective means for eliminating narrowband or sinusoidal interferences in certain signal processing applications ranging from power line interference cancelation for electrocardiograms to multiple sinusoidal interference removal for corrupted images. For the one-dimensional (1-D) case, several methods for the design and performance analysis of IIR and FIR notch filters have been developed, see [1] - [5] among others. For the twoManuscript received June 5, 1995; revised July 9, 1996 . This paper was recommended by Associate Editor P. Regalia.
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dimensional (2-D) case, [6] and [7] proposed a method that reduces the design of a stable IIR 2-D notch filter to the design of a 2-D parallel line filter and a 2-D straight line filter. In this brief, a new approach for 2-D IIR notch filter design will be addressed. In the IIR notch filter design, the outer product expansion of the sampled frequency response matrix of an ideal 2-D notch filter indicates that the design of a 2-D IIR notch filter can be accomplished by finding two pairs of 1-D IIR transfer functions. We develop a novel algebraic method to approximate these two type 1-D filters. This approach yields a closed-form solution with guaranteed bounded input/bounded output (BIBO) stability. Moreover, the notch filter designed exhibits a simple structure that contains only two 1-D second-order allpass filters and two 1-D first-order allpass filters. Due to the mirror image symmetry relation between the numerator and denominator of an allpass filter, the 2-D notch filter obtained can be realized by a computationally efficient lattice structure.
This brief is organized as follows. Section II presents a detailed description of the 2-D IIR notch filter design. In Section III, one example is presented to illustrate the feasibility of the proposed design technique, and the notch filter designed is then applied to an image that is corrupted with a sinusoidal interference.
II. 2-D IIR NOTCH FILTER DESIGN
The frequency response of an ideal 2-D notch filter is given by Hc1(e j! )Hc1(e j! )
is the frequency response of a 2-D notch filter.
Proof: This is a direct result of the outer product expansion in (3) .
From Fact 1, we see that designing a 2-D IIR notch filter can be decomposed into two types of 1-D filter design. One is the design of filter H ci (e j! ) defined in (5), the other is the design of filter Hsi(e j! ) defined in (6) (i = 1; 2). In what follows we shall address the design of these two types of filters.
A. Design of Filter H ci (z i )
The frequency response of Hci(e j! ) can be approximated by the second-order IIR bandpass filter whose transfer function is given by 
with ! 3 i is the center frequency of H bi (z i ) and BW is the 3 dB bandwidth of H bi (zi). Note that H bi (e j! ) is exactly equal to unity, i.e., H bi (e j! ) has unit gain and zero phase at ! i = ! 3 i . Thus, H bi (e j! ) will be an excellent approximation of H ci (e j! ) provided that BW is sufficiently small.
B. Design of Filter Hsi(zi)
It can readily be verified that the filter H si (z i ) can be obtained as H si ( 
Since jH ai (e j! )j is equal to unity for all frequencies, i.e., H ai (e j! )
can be written as
Hai(e j! ) = e j (! ) (12) where the phase response i(!i) is given by
For a stable allpass filter Hai(zi), we have three following properties:
(1) i (0) = 0, (2) i () = 0, and (3) i (! i ) decreases monotonically with frequency ! i [9] . These properties imply that when ! i goes from 0 to radians, the phase i(!i) goes from 0 to 0. Moreover, the specification in (10) implies that
That is, when ! i = ! 3 i , the phase i (! i ) reaches the point 0 2 . Substituting (14) into (13), we obtain 
where the coefficients a i1 ; a i2 , and b i are determined by (9) and (15).
C. Design Procedure and Implementation
Based on the above discussion, a complete procedure for the design of 2-D IIR notch filter can be summarized as follows:
Step 1: Specify notch frequency (! 3 1 ; ! 3
2 ) and bandwidth BW.
Step 2: Use (9) to compute filter coefficients a i1 ; a i2 (i = 1, 2).
Construct transfer function 
Step 4 to the mirror-image symmetry relation between the numerator and denominator polynomials of allpass filter, each allpass filter can be realized by the computationally efficient lattice structure with minimum multipliers and delays described in [10] , as depicted in Fig. 1(b) . When the filter coefficients of the direct-form allpass filter are obtained using the proposed design procedure, the lattice filter coefficients can be obtained by the transform method described in [11] . It is obvious that this lattice realization only requires seven real multiplications for computing each output sample. Moreover, the frequency response of a notch filter is very insensitive with respective to the lattice filter coefficients, and an IIR notch filter is stable if the magnitude of lattice coefficients are all smaller than unity.
III. DESIGN EXAMPLE AND APPLICATION
In this section, one design example of 2-D IIR notch filter is first illustrated. Next, we use the 2-D IIR notch filter to remove sinusoidal interferences superimposed on an image.
Example 1: 2-D IIR Notch Filter Design
In this example, the procedure described in Section II-C is used It is clear that the specification is well satisfied. In fact, when the bandwidth BW approaches zero, the designed notch filter will become an ideal one. Moreover, we use the transform method developed in [11] to compute the lattice filter coefficients of implementation structure in Fig. 1(b) as follows: Since the magnitude of the lattice filter coefficients are all smaller than unity, the designed filter is stable. 
Example 2: Sinusoidal Interference Removal
In the example, we will use the 2-D IIR notch filter to remove single sinusoidal interference superimposed on an image. The scenario of experiment is the same as the one described in [6] except that the image size here is 256 2 256. The image shown in Fig. 3(a) and BW = 0:01 to remove the interference in spatial domain. In order to eliminate the transient states degradation due to incomplete boundary data, the transient state suppression algorithm developed in [12] is adopted here. The filtered image, shown in Fig. 3(b) , is clearly free from interference. Moreover, for an image with size N 2N, the IIR notch filter implemented with the lattice structure in Fig. 1(b) only requires 7 N 2 real multiplications to restore an image, but the IIR notch filter in [6] requires 20 N 2 real multiplications. Hence, the notch filtering technique proposed in this brief is more efficient than the one in [6] .
IV. CONCLUSION
In this brief, 2-D IIR notch filter design problem has been investigated. First, the outer product expansion is used to reduce the 2-D notch filter design problem to two pairs of 1-D filter design problems. Then, we provide the closed-form solutions for the design of two pairs of 1-D IIR filters. Finally, the design and application examples are presented to demonstrate the performance of the proposed design methods. However, only fixed notch filters are considered here. Thus, it is interesting to develop a 2-D adaptive notch filtering algorithm. This topic will be studied in the future.
